Abstract. The divergences that arise in the regularized partition function for closed bosonic string theory in flat space lead to three types of perturbation series expansions, distinguished by their genus dependence. This classification of infinities can be traced to geometrical characteristics of the string worldsheet. Some categories of divergences may be eliminated in string theories formulated on compact curved manifolds.
Introduction
The resolution of fundamental problems in string theory such as the determination of the stability of phenomenologically realistic vacua and the existence of black hole solutions, might require a complete formulation of the theory including non-perturbative effects as well as S-matrix calculations [1] [2] . A study of the perturbation series, however, may be sufficient to establish stability of the vacuum. For closed bosonic strings moving in 26-dimensional flat space-time, the infrared divergences in the partition function can be eliminated through integration over a subset of moduli space that does not include the degeneration locus. Although an estimate has already been made for the genus-dependent growth of integrals with this cut-off over Teichmuller space, it will be altered by the restriction from Teichmuller space to moduli space [3] . A precise definition of the integration region is necessary to establish rigorously that the flat background is not stable against perturbations.
Through an analysis of the conditions defining the fundamental region of the modular and mapping class groups, a lower bound for the regularized partition function has been found [3] [5] . While the action of the symplectic modular group Sp(2g;Z) is defined initially on a and g r = (g r1 , ..., g rr , ..., g rg ) where g rr , ..., g rg are relatively prime; (Im τ ) 1r ≥ 0
The bound for the partition function has been obtained, using another set of variables, the multipliers {K n } and the fixed points {ξ 1n , ξ 2n }, characterizing the generators {T n , n = 1, ...g} of the Schottky group uniformizing the Riemann surface. In particular, limits have been placed on the multipliers and fixed points using the relation between the elements of the period matrix and these variables [4] ,
with V α being a product of T n i and α (m,n) excluding all V α containing T
±1
m at the left and T ±1 n at the right.
The vacuum amplitudes at finite order may be factored out of the higher-point correlation functions as the closed Riemann surfaces are equivalent to the bubble diagrams of field theory. Because of the factorization of the closed string vacuum amplitude, the physical significance of the cut-off integral over moduli space is revealed in the effect of the summability of the series on the stability of the classical background. Moreover, it allows one to study the limit as the number of handles tends to infinity, where the surfaces, depending on the classification type, may represent the creation of a point-particle or string state from the vacuum. The four-point function on an infinite-genus surface of type O G has been evaluated in previous work [6] .
Surfaces containing an infinite number of accumulating handles affect the Borel summability of the perturbation series. It will be demonstrated that there are three categories of surfaces associated with distinct arrangements of the isometric circles {I T n } of the generators in the complex plane. The growth of both the lower and upper bounds is related to the geometrical characteristics of the configuration of isometric circles or equivalently the handles on the surfaces.
For strings propagating in flat space-time, the growth of the bound for the partition function is obtained after an analysis of each of the configurations of isometric circles which lie in the fundamental region of the symplectic modular group [7] . The three categories considered are determined by the the dependence of the multipliers and fixed-point distances on the genus, which are related because
as a consequence of requiring genus-independence of the cut-off [9] . If |ξ 1n − ξ 2n | ∼ 1 g q , the values q=0, q = 1 2 , and 0 < q < 1 2 define the three types of configurations. It is demonstrated in this paper that the contributions of the correponding surfaces to the string partition function will increase as k
respectively. These estimates follow from an evaluation of upper and lower bounds for the integrals with limits for the Schottky group parameters corresponding to the different values of q. This establishes rigorously that an approximately factorial growth will occur in the regularized string partition function, a property found in previous work [2] [3] for the string integral over subset of Teichmuller space without restriction to the fundamental domain of the mapping class group.
Since each of the terms in the perturbation series is positive, being the volume of a region in a (3g-3)-dimensional parameter space, an exactly factorial increase, k g g! would
indicate that the series is not Borel summable. The growth obtained here for specific values of q is not exactly factorial, so that its effect on the Borel summability of the series would require further analysis. For the three categories of isometric circles studied here, the modified series, defined by dividing the gth term by g!, would be convergent on the entire positive real axis in the coupling constant plane, allowing for the use of the Borel integral transform. However, summation of the contributions of the three kinds of configurations to the partition function only comprises part of the regularized moduli space integral. Specifically, the third category can be subdivided into a further O(ln g) sub-categories, and by considering configurations of isometric circles with multipliers {K n } having different genus dependence for different n, an additional combinatorial factor of the form (g+k ln g−1)! g!(k ln g−1)! is introduced. While this improves the rapidly increasing growth of the bounds for the regularized integral, it is still not large enough to alter the Borel summability properties of the series. Additional contributions to the string partition function arise from special configurations within the three categories that lead to a change in the genusdependence of certain factors in the moduli space integral. By applying the techniques used here to these configurations, the magnitude of the contributions may be estimated, and it appears that they will not significantly change the bounds. Finally, one might investigate other categories of isometric circles consistent with a genus-independent cut-off on the length of closed geodesics on the surface. A discussion of a separate category of isometric circles is given in Section 3, and a complete study of the other configurations may be required to find a precise estimate of the regularized string integral in the Schottky group parametrization.
The results obtained in this paper indicate that it may be useful to re-examine the application of graph theory [3] , used to obtain a factorial growth with respect to the genus, in the large-order limit. In particular, it is suggested that a there is a potential difference between the counting of diagrams corresponding to string and point-particle trajectories and this would be determined by the physical intepretation of string theory in the large-genus limit.
The change of metric in a curved manifold leads to a different bosonic string path integral. The divergences in the partition function for strings propagating in a curved background are considered, and an outline of the analysis of the allowed configurations of isometric circles in a compact target space and their effect on Borel summability is presented.
Divergences in F lat Space Closed Bosonic String P erturbation T heory
By integrating over metrics on the string worldsheet and target space coordinates in R 26 , the partition function for the closed string theory, obtained by summing over the genus,
can be re-expressed in terms of a measure involving Schottky group variables K n , ξ 1n and ξ 2n , which are the multipliers and fixed points defining the generating transformations of the uniformizing group through
. The partition function [8] is given
where τ is the period matrix, K α is the multiplier of the element V α , ′ α represents the product over conjugacy classes of primitive elements, and F g is the fundamental region of the modular group in the parameter space. In earlier work [5] , a lower bound was set for each of the terms in the integrand in equation (2), when the Riemann surface Σ g is constrained by the requirement that the minimal length of closed geodesics on the manifold be bounded below.
The action of the generator T n , T n z = α n z+β n γ n z+δ n , on the complex plane involves the mapping of the exterior of I T n = {z ∈ C||γ n z + δ n | = 1} to the the interior of I T 
Bounds for the integrals over subsets of moduli space corresponding to the first two types of configurations have been found [5] . In the following analysis, these bounds are refined and an estimate of the contribution of the third type of configuration is given.
By setting an upper bound on α
, the next two inequalities have been obtained for isometric circles defined by the limits in category (i).
with c being a lower bound for
for bounded g, when the distance between the isometric circles is O(1), and a genus-independent constant for large g, 
Configurations of isometric circles in each of the three categories satisfy a set of conditions defining a fundamental region of the symplectic modular group acting on a (3g-3)-dimensional subset of the Siegel upper-half space if appropriate restrictions are placed on the multipliers K n and fixed points ξ 1n and ξ 2n . The fundamental set of inequalities result
] when g r = e s , s ≥ r. It has been shown that these inequalities imply the conditions for a general column vector g r at sufficiently large genus [5] . For isometric circles of the first type, the inequalities (Imτ ) ss ≥ (Imτ ) rr , s ≥ r, lead to a reduction of the integration range of the multipliers. Denoting
the range of multipliers K 1 , ..., K g can be selected to be [ρ
, so that the integral over the multipliers will be reduced to
For a configuration of 2g isometric circles involving a minimal spacing
) and contained in a circular region of radius O(1), the ratio
for isometric circles I T n l near ξ 1n , and
for circles I V α near the boundary of the region. It follows that the largest remainder terms in ρ −1 and σ will be of order
). However, in a symmetrical configuration of isometric circles about ξ 1n , for every circle I T n l 1 near ξ 1n , there may be another circle I T n l 2 in the same neighbourhood lying on the opposite side of ξ 1n . If the arguments of γ n l 1 and γ n l 2 are equal, then the product of the two corresponding terms in equation (6) would have the
). Since the products in (6) are defined over an infinite number of isometric circles, the phases of γ −2 α will be randomly distributed in the interval [−π, π] and many of the terms of order O(
g 2 + ..., it can be demonstrated, that in the limit as g → ∞, the sum in equation (7) is
As the factor associated with the jth term has a dependence on j given by
2 , the series can be truncated essentially at j=O (1), and a lower bound of the form k 1 k g 2 can be used for the sum in equation (8) . As the integral over the multipliers is greater than
can be combined with the inequality for [det(Im τ )] −13 and the fixed point integral to give
which is a refinement of the bound obtained in earlier work [9] .
It has already been noted that the largest remainder terms in equation (6) ) for configurations of isometric circles of type (i). As these terms may not necessarily cancel at this order, an improved definition of the allowed ranges of values of the variables |K n | is required. In particular, upon using the formula for the period matrix elements, the inequalities (Im τ ) ss ≥ (Im τ ) rr , s ≥ r only lead to constraints of the form
. Whereas integration of the absolute values |K n | over the range [
over the restricted range is bounded by
The modification associated with the dependence of the remainder terms in the product ρ n being O(
does not affect the dominant behaviour of the bound, which is equivalent to that obtained in equation (10) .
In the second type of configuration, all 2g circles can be contained in a disk of finite radius of order O(
). The dominant contribution to the partition function is the fixed point integral The factorial growth is not changed substantially by other terms in the measure. Recall
where α (n,n) excludes all elements V α with left-most or right-most members equal to
n . In a hexagonal configuration, corresponding to the densest packing of the isometric circles, the circles are labelled by the level number l, which is related to the distance from the center of the domain enclosing all I T n and I T −1 n , n = 1, ..., g. The sum can be separated into a series involving the generators T n l and a series associated with elements V α that are products of two or more generators. A bound for the first series was obtained in an earlier investigation [5] .
It is shown in the appendix that the upper bound for the series involving elements
, multiplying mth order sums over fractions consisting of terms with leading-order behaviour [l
, there entire sum is less than that of a convergent geometric series. An exponentially decreasing lower bound, therefore, is sufficient for [det(Im τ )] −13 .
An evaluation of the primitive-element product factors requires an estimate of α
A genus-dependent bound can be obtained for the sum
which is demonstrated in the appendix to be only linearly increasing with respect to the genus as g → ∞. Therefore, the primitive-element products are bounded below by an exponentially decreasing function of the genus, and the lower bound for the integral for configurations of isometric circles in category (ii) will be reduced further by an exponential factor.
The third category of isometric circles is defined by the parameter q, 0 < q < 1 2 , measuring the fall-off of the distances between the isometric circles. The multipliers and the distances between the fixed points are genus-dependent for these configurations. The Poincare series is bounded by
where V β consists of two elements at least. An upper bound for the sum over the elements
is found in the appendix to increase linearly with the genus. This will also hold true for α ′ |K α |, and thus, the primitive-element products will be bounded below by an exponentially decreasing function of the genus.
The integrals over the multipliers and fixed points depend on q, when 0 < q < 1 2 . For isometric circles defined by the limits in category (iii),
There is also a qualitative difference between the lower bound for [det(Im τ )] −13 when q < [det(Im τ )]
Combining these inequalities gives a growth of
Since the multiplier term in Im τ grows more rapidly than the sum of the logarithms of the fixed-point ratios, the inequalities
where ρ was defined by equation (6) . Division by a factor of ρ −2g g! would lead to an overall dependence on the genus equal to (k · e) g ρ 2g g
(g−2qg−2q) (ln g) 13g . The total contribution of the configurations in category (iii) can be determined by an overlapping of the intervals for allowed values of |K n |, n=1,...,g, corresponding to different q. Selecting a specific value of the genus g 0 , the upper limit of one interval can be set equal to the lower limit of the next interval. 
The potential infinity associated with the continuous parameter q does not occur.
However, each value of q defines a different genus-dependence of the variables |K n | and |ξ 1n − ξ 2n |. Magnitudes of the multipliers may be grouped according to the value of q and inequalities can be imposed within each group. As the ranges of |K n | do not overlap for different choices of q, the inequalities (Im τ ) ss ≥ (Imτ ) rr will be satisfied for all s ≥ r. Integration of the multipliers in each group can be performed subject to the constraints on the absolute values, and the integrals will be equal to those given previously, with a reduced number of variables. The number of groupings is the number of ways of partitioning g ordered objects into
which can be used to estimate the increase in the lower bound for the regularized string partition function.
A Separate Category of Isometric Circles
There are other configurations of isometric circles that are consistent with the genusindependent cut-off imposed on the length of closed geodesics rendering the moduli space also may be bounded below. It can be seen that the contribution of this configuration to the partition function is not significant, without requiring an evaluation of these bounds, because the integrals over the multipliers and fixed points only increase exponentially as
Configurations of isometric circles involving fixed-point distances of O(g r ), r > 0, also do not contribute significantly to the partition function [5] .
U pper Bounds
The setting of upper bounds for the integrals over domains in moduli space is required for a full analysis of the summability of the perturbation series. Considering the intermediate configurations in category (iii), with 0 < q < 1 2 , one finds
The logarithmic increase of the diagonal entries of Im τ suggests that det(Im τ ) is a rapidly increasing function of the genus. The determinant is equal to the volume of the parallelepiped spanned by the basis vectors v 1 ,...,v g representing the rows of the matrix.
Denoting θ 1...n to be the angle from v n to the hyperplane spanned by v 1 ,...,v n−1 and since
The primitive-element product can be bounded above because
, and for each of the configurations, this function is an exponentially increasing function of the genus. It follows that the precise growth of the regularized integral, is equivalent, up to an exponential factor, for the upper and lower bounds. The increase of factorial type with respect to the genus remains unaltered.
Graph T heory Combinatorics
The upper and lower bounds for the partition function have been found by using the measure defined in terms of multipliers K n and fixed points ξ 1n and ξ 2n in the uniformiza- , where l can be interpreted as the length of a corresponding closed geodesic on the Riemann surface [10] .
Primitive elements of the group G, which are not powers of the other elements, correspond to simple closed geodesics. Denoting the primitive elements by the index set {γ}, the length spectrum {l γ } always has a minimum value l 0 for compact surfaces. The Selberg trace function is defined by
The partition function is
where M g is the moduli space of genus g surfaces and dµ W P is the Weil-Petersson measure. If the minimum length l 0
neighbourhood of the compactification divisor, it can be shown that
The integral over the Weil-Petersson measure in a region in
Teichmuller space can be estimated. Any Riemann surface of finite genus can be viewed as a thickened trivalent graph with branches at the final level intertwined. The number of different pairings of the 2g branches is (2g-1)!!. This is consistent with the counting of non-isomorphic trivalent graphs [11] .
The number of cells may increase at a factorial rate, but it remains to be shown that the cells are non-intersecting and that they belong to a single fundamental region of the symplectic group. This requires a study of the transformation between surfaces formed out of graphs with different branches intertwined. If the transformation does not lie in the identity component of the diffeomorphism group, then the surfaces lie in different fundamental domains of the mapping class group, and both cannot be included in the counting. Integration over the length and twist parameters suggests that the volume occupied by each cell depends exponentially on the genus, so that the growth will be determined by the restriction to the fundamental domain of the modular group.
In this connection, it may be observed that a trivalent graph in a plane will have intersecting branches at large order if the length of the branches is fixed at a constant value. If the graph is then thickened to obtain a surface in R 3 with minimal genusindependent cross-sectional area, the disks at the ends of the branches at the final level will lie in overlapping cylindrical regions, and it will not be possible to join the pairs of disks without joining other disks. This property, which would continue to hold in R 26 , suggests that the counting of closed surfaces at finite genus would changed by the overlapping of the regions. Intersection of the branches may be avoided if the lengths of the branches are allowed to increase exponentially with respect to the order. An exponential increase would reduce the integration over the length parameters of all of the g handles by a factor which would affect the factorial growth obtained by counting of the intertwined graphs.
An exponential decrease of the length of the branches would also eliminate intersections, but it is not consistent with a minimal genus-independent cross-sectional area.
Thus, the factorial growth derived from graph theory appears to be linked to the emergence of a point-like structure associated with the boundaries of the string worldsheet in the infinite-genus limit. If the constraint |γ n | −2 ∼ 1 g is not imposed on the Schottky group parameters, then a factorial increase can be easily obtained through integration of the variables |K n | or |ξ 1n − ξ 2n | [6] . The surfaces giving rise to these divergences in this limit, having boundaries of zero linear measure, are eliminated by the genus-independent cut-off on the lengths of the closed geodesics. The reduction in the growth of the string integral has been verified in the calculations of the bounds in Sections 2 and 4, using the Schottky group parametrization.
T he P artition F unction f or a Curved Background
The partition function for a string propagating in a curved background would be
Formulas for partition functions of closed bosonic strings have been obtained for conformally flat backgrounds [12] and group manifolds [13] .
Divergences in the partition function may be identified with particular factors in the measure. In flat space, the general bosonic N-string g-loop amplitude can be obtained by sewing together g pairs of legs of an (N+2g)-string tree amplitude. The integrand of the N-string amplitude can be written as
where p i are the string momenta, S(X,b,c) is the string action involving coordinate and ghost fields, and the ghost modesĉ are needed to reproduce Koba-Nielsen-type variables.
An M-string vertex can be sewed with an N-string vertex along one of the legs to give an (M+N-2)-string-tree amplitude with integrand
with X s , b s , c s andĉ s being sewing fields and T being the projective transformation connecting the two legs [8] . Each sewing of a pair of legs will introduce one modular integration It has been shown that divergences in the regularized partition function result from factors associated with the ghost zero modes, although the logarithmic factor, which could affect summability of the perturbation series, arises from (det Im τ ) −13 . In curved space, a similar derivation of the factor in the measure might be feasible, with the path integration being modified by the change in the metric.
Without explicitly deriving the measure, it can be seen that the finite volume of a compact target space would lead to a cut-off in the volume of the string world-sheet if the mapping between the target-space metric and the intrinsic world-sheet metric is differentiable and invertible. This would result in the exclusion of certain configurations of isometric circles in the large-genus limit. It has been demonstrated here that the classification of these configurations is related to the type of divergence in the perturbation series.
Thus, the inclusion of only particular configurations of isometric circles for a world-sheet embedded in a compact curved target manifold would alter the Borel summability of the series.
1 √ g ), so that the dominant contribution to the fixed-point sum in Im τ arises from the group of neighbouring isometric
) and |ξ 1s − V α ξ 1s | = O(
). The fixed-point term in Im τ will then be O(1), which is the same order of magnitude as ln 
Then, if two pairs of fixed points (ξ 1r , ξ 2r ) and (ξ 1s , ξ 2s ) are located near to each other, and if the difference in the arguments of (ξ 1r − ξ 2r ) and (ξ 1s − ξ 2s ) is denoted by ǫ rs , the inequalities (Im τ ) ss ≥ (Im τ ) rr , s ≥ r will be satisfied when
where J is bounded, because the dominant contribution to the fixed point sum corresponds to the isometric circles I T (j) n l and I
near to the circles I T s and I T s −1 . Since |γ (j)
It may be assumed that the range of arguments and absolute values of K (j) n l can be selected to be sufficiently narrow so that it will not affect the inequalities for the fixedpoint ratios significantly. Given a range of values for arg(ξ 1s − ξ 2s ) and a choice for
2l ), the shifted range of values for arg(ξ 1r − ξ 2r ) can be obtained. Therefore, the ranges of the arguments arg(ξ 1r n − ξ 2r n ) can be ordered sequentially. An alternative method, which allows arg(ξ ). Since For the sum over elements Vα = T n l V β , the ratio of the square of the radii of I Vα and A similar method can be used for estimating the sum α ′ |K α |. The first set of elements included in the sum over Vα = T n l V β in equation (14) is of the form {T n l 1 T n l 2 }. For these elements ξ 1α ∈ D V 
